Abstract In this paper, we prove that Gorenstein projective conjecture is left and right symmetric and the co-homology vanishing condition can not be reduced in general. Moreover, Gorenstein projective conjecture is proved to be true for CM-finite algebras.
Introduction
For the representation theory of Artinian algebras, the Auslander-Reiten conjecture (ARC) which is related to generalized Nakayama conjecture (GNC) is everything. It was proposed by Auslander and Reiten, which says that M is projective if Ext By the definition of Gorenstein projective conjecture, for an algebra Λ the truth of Auslander-Reiten conjecture implies the truth of Gorenstein projective conjecture. So we can get a large class of algebras satisfying Gorenstein projective conjecture. It is interesting to ask: Is there an algebra satisfying Gorenstein projective conjecture while for which the Auslander-Reiten conjecture is unknown? only finitely many isomorphism classes of indecomposable finitely generated Gorenstein projective modules. CM-finite algebras are studied by several authors recently (see [5, 6, 7, 12, 13] ).
Although the Auslander-Reiten conjecture for this class of algebras is unknown, we will give a positive answer to the second question above.
The paper is organized as follows:
In Section 2, based on some facts of Gorenstein projective modules, we will show the symmetric property of Gorenstein projective conjecture. Moreover, an example is given to show that the condition 'Ext Throughout the paper, Λ is an Artinian algebra and all modules are finitely generated left Λ-modules.
Symmetric property of Gorenstein projective conjecture
In this section we will show the symmetric property of Gorenstein projective conjecture. First, we need to recall some notions and lemmas. The following definition is due to Auslander, Briger, Enochs and Jenda (see [1, 8, 9] ). Proof. Since (−) * is a duality between D and D o , it is enough to show that Ext
One can take the following minimal projective resolution of M :
Applying the functor Hom(−, M ) to sequence (1) above, since Ext
On the other hand, applying the functor (−) * to the sequence (1), since M ∈ D ⊆ C one can show the following exact sequence
Then by using the functor Hom(M * , −) on the exact sequences (3), one has the following exact sequence Example 2.5 Let n > t + 1 be a positive integer and let Λ be the algebra generated by the following quiver
Denoted by S(j) the simple module according to the dot j. Then
(1) Λ is a Nakayama self-injective algebra.
(2) S(j) is Gorenstein projective such that Ext i Λ (S(j), S(j)) = 0 for t ≥ i ≥ 1 and 1 ≤ j ≤ n, but it is not projective.
Gorenstein projective conjecture for CM-finite algebras
In this section we try to find a class of algebras which satisfy Gorenstein projective conjecture and for which the Auslander-Reiten conjecture is unknown. They are CM-finite algebras. We begin with the following definition due to Beligiannis (2) There does exist a CM-finite algebra Λ such that Λ is of infinite type and the global dimension of Λ is infinite [13] .
(3) There does exist a CM-finite algebra which is not Gorenstein [5] .
(4)An algebra with a trivial maximal n-orthogonal subcategory for some positive integer n is CM-finite [11] .
Let C , D and D o be as in Section 2. The following lemma partly from [1] plays an important role in the proof of the main results. The following proposition gives a connection between the self-orthogonal property of M and that of Ω i M for any i ≥ 0.
Proof. Then by Lemma 2.3 and Proposition 2.2 one gets the assertion.
The following proposition is crucial to the main results. (1) M is projective.
(2) M is Gorenstein projective.
Proof.
(1) ⇒ (2) is trivial. The converse follows from Theorem 3.6.
We end this section with two open questions related to this paper.
Question 1 Does the Gorenstein projective conjecture hold for virtually Gorenstein algebras (see [5] )?
Question 2 Does the Auslander-Reiten conjecture hold for CM-finite algebras?
